Introduction
The ability to manipulate correlation matrices is useful for a number of applications in finance, including stress testing and portfolio construction. Risk and portfolio managers often want to consider what happens to their risk profile or asset allocation if correlations change. They might have in mind certain correlations between particular assets. For instance, a manager might ask, -What happens if the correlation between assets A and B increases to X?‖ Or they might want to know what happens if the correlations between certain groups of assets change. For example, a manager might ask, -What happens if the correlation between industry A and industry B increases to X?‖ The problem of manipulating correlation matrices is not a simple one. One challenge is that the correlation matrix cannot be arbitrarily changed, because the matrix has to satisfy the positive semi-definite property. That is, changing correlations in an ad hoc way may make them invalid. Another challenge is that even if replacing one or two elements of a matrix does not make the matrix invalid, the manager may worry that it is nonsensical.
1 There are a handful of techniques previously proposed for altering correlation matrices, typically with a particular aim in mind. These include, for instance, the linear combination of two PSD matrices or the integration of a new diagonal sub-block into an existing matrix. 2 Here, we propose a straightforward and flexible approach that enables managers to manipulate correlations and preserve the positive semi-definiteness of the matrix. We assume that there is a single or small set of latent factors (or drivers) 3 that drive the correlation matrix. The framework we propose for manipulating correlations is through each asset's correlation to a common driver. By changing the correlation of assets to the common driver, we can change correlations between assets. Our framework is extremely flexible in enabling users to perform a variety of manipulations. The framework can be applied to any correlation matrix-asset, factor, or asset class.
The outline of the paper is as follows. In Section 1, we present a general framework for changing values in the correlation matrix such that the entire matrix remains positive semi-definite and the structure of the matrix maintains its consistency. In Section 2, we illustrate how to use the framework using specific examples.
1 For instance, managers should have a reason why they want to preserve certain correlations between assets. If the correlation between assets A and B changes, then the correlations of A and B with asset C should also change unless there is good reason. 2 These techniques are reviewed briefly in Appendix 1. For ease of exposition, this paper does not directly compare our method with those shown in Appendix 1. However, a comparison of methods shows that all methods differ in flexibility and ease of use. Our method provides the most flexibility, which requires the user to specify certain parameters. 3 We use the terms -factor‖ and -driver‖ interchangeably here. The latter is used primarily to distinguish the framework from the traditional factor-based covariance model that we use in much of our research.
A Structural Framework for Manipulating the Correlation Matrix
We start with a positive semi-definite correlation matrix  4 representing correlations between assets 5 . We assume there are two subsets of assets that interest us. Block 1 includes correlations for assets 1 to , while Block 2 includes correlations for assets  to .
Ultimately, our objective is to be able to alter correlations within the individual blocks or to change the correlation across blocks. Note that this framework can be applied directly to the whole matrix (without sub-blocks), as well.
In our approach, the returns that actually underlie the matrix do not matter. We assume the original matrix reflects correlations between ~ random variables (standardized asset returns) 6 . The variables are denoted . Block 1 includes assets , and Block 2 includes assets  .
Next, we assume each asset is exposed to some unobservable common driver or latent common factor. 7 In our example with sub-blocks, each sub-block has its own common driver. (In the case without sub-blocks, all assets would be exposed to a single, common driver.) We define the common drivers as 1 and 2 for Blocks 1 and 2. The new, standardized asset returns are for Block 1, and  for Block 2; they are mapped to and  , respectively.
Moreover, we assume that any asset is uncorrelated with the common drivers and . Thus, we can write as
where   for all and are and independent to all The parameter  controls the exposure of the to its common driver. When  = 0, = .
4 A covariance matrix  can be decomposed as    , where D is the diagonal matrix with diagonal elements the standard deviation.
A new covariance matrix can be constructed as    . This framework enables us to change correlation and volatility separately. 5 Again, this approach can be applied to the factor correlation matrix as well. 6 There must exist some set of random variables that will produce this original correlation matrix. We do not actually need to estimate these random variables but only need to assume they exist. For convenience, the reader may think of them as standardized returns. 7 Borrowing from the intuition behind stress testing, we can think of these drivers as those that are shocked during certain episodes. For instance, the original correlation matrix might reflect relationships between assets in regular times. In stress times, shocks to the latent drivers (which could be liquidity, credit, etc.) alter all or some subset of correlations. Note that when   , then   for both cross-block and within-block correlations.
The higher the value we assign to and , the more the correlation will change within the block.
In addition to the within-block adjustment, we can also adjust cross-block correlations. The parameter  preserves consistency across blocks. 8 The higher the value we assign to  , the higher the correlation between blocks. (Appendix 2 shows the case when there are more than two blocks.) (Note that equations (2a) and (2b) serve only to define the structure and are not needed for the calculation of the new correlations; only (3a) and (3b) are needed.)
Given the large number of parameters in the framework outlined above, several simplifications are possible. For instance, instead of specifying individual exposures  for each asset, we can assume that all assets within the same block have the same value for  . Furthermore, if there are no sub-blocks in the correlation matrix, the framework is scalable down to one driver. All correlations in the matrix would then be adjusted using the sole equation (3a).
9
Our framework has straightforward intuition. Assets represented in the correlation matrix are exposed to latent (unobservable) drivers. By changing the exposures of these assets to the drivers, we change their correlations. Drivers | May 2010
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Some Illustrations
In this section, we present several examples to illustrate the power and flexibility of this approach. The following examples serve two purposes. The first is to illustrate how a user can manipulate values in the correlation matrix for some desired number. 10 The second is to illuminate what happens to the rest of the correlation matrix given various assumptions about the structure of the matrix (i.e., what assets belong to certain subgroups).
Example 1: Changing Correlations in a Matrix
We illustrate our framework with a simple example based on a global equity class correlation matrix. A manager starts with a 4×4 correlation matrix (Table 1 ) with four assets-US equity, Canada equity, UK equity, and EMU equity. The correlation matrix in Table 2 remains positive semi-definite, because it is altered via the structural framework. Note that all the correlations increase, but not by the same amount. The correlation between UK and EMU equity was already high; the change we make has a smaller impact than it has on the US-UK and US-EMU correlations, which were lower.
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Different values of  can be selected by the user to increase or decrease correlations by a desired amount. For instance, if we let   while the other assets' exposures ( ,  , and ) remain at 0.5, then the correlation between US equity and the other three markets would actually decrease. This makes sense intuitively, since the US would have no exposure to the driver.
Example 2: Changing Within-Block Correlations when there are Sub-Blocks
For the next two examples, we assume there are two sub-blocks in the matrix-a North America equity sub-block and a Europe equity sub-block-as shown in Table 3 . The numbers are otherwise the same as in Table 1 . All four equities are now exposed to one of two regional common drivers (North America) and (Europe). We simplify our example by assuming that the same parameter  applies for both US and Canada; likewise, the same parameter  applies for both UK and EMU.
12
Next, assume the manager wants to increase the correlation between US and Canada equities from 0.56 to 0.75. To adjust correlations, we apply equations (3a) and (3b) to each element in the correlation matrix in Table 3 . The free parameters we can manipulate are  ,  , and  .
Within block:
US-Canada correlation:
Across block:
US-EMU correlation:
Canada-UK correlation:
Canada-EMU correlation:
12 As in the previous example, in the full version, each asset would have its own parameter. By assuming that US equity and Canada equity share the same parameter  , we are assuming that their exposures to the common driver are the same.
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From equation (4a), there is a single value for  that will result in a new US-Canada correlation of 0.75. The backed-out value for  is 0.652. 13 Assume next that the manager does not have a view on the other correlation pairs, so he leaves  and  at zero. Substituting in the value for  ,  , and  in equations (4a) -(4f), the resulting correlation matrix is shown in Table   4 . Increasing the correlation between Canada equities and US equities implies a decrease in the offdiagonals, all else equal. If a shock occurs to North America equities but does not occur to Europe equities, we expect them to be less correlated. Thus, we not only ensure positive semidefiniteness, we manipulate the correlations in a consistent and logical way.
Example 3: Changing Within-Block and Cross-Block Correlations when there are Sub-Blocks
In the previous example, we increased correlations within the North America block without affecting the correlations within the Europe block through an implied shock to the former. What happens if we change both blocks?
We assume the same shock occurs to the North America block as in the previous example ( 
). Now, we add a separate shock to the Europe block. We set   , because we think the correlation between UK and EMU equity will go from 0.90 to 0.94. First, what happens if the two regional drivers are uncorrelated? If the drivers are uncorrelated, then  remains zero as in the previous example. The correlation matrix will look like: The new US-Canada and UK-EMU correlations are higher at 0.75 and 0.94, as we intended. Meanwhile, all the cross-block correlations are lower. Drivers | May 2010
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Second, what happens if the two drivers have nonzero correlation? If the drivers are negatively correlated, then the cross-block correlations can decrease by even more. If the drivers are positively correlated, then cross-block correlations can rise. For instance, if we set  equal to 0.7, we get the following correlation matrix, where the off-diagonals have also increased: To summarize, we illustrated the framework with three different cases:
1. In the first case, we considered a correlation matrix with no sub-blocks. All assets in the matrix are correlated to the same driver. Changing individual correlations in the matrix impacts all other correlations in the matrix. 2. In the second case, we considered a correlation matrix with two sub-blocks. Assets in each sub-block are exposed to a driver. We can change a correlation within a sub-block without impacting the correlations in the other sub-block, with the understanding that the cross-block correlations (off-diagonals) are impacted. 3. In the third case, we used the same correlation matrix as in Case 2. Changing correlations within both blocks simultaneously can result in various off-diagonal changes, depending on the correlation we specify between the two drivers. Most importantly, cross-block correlations can only increase if the two drivers are sufficiently correlated.
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Additional Thoughts Changing the Correlation through a Latent Factor's Volatility
There are other ways of changing the correlation. For instance, we can increase the correlation between assets just by increasing the volatility of the latent driver they share (assuming their betas/exposures have the same sign). Future research will explore the use of this approach.
Incorporating Optimization Techniques
The examples we present here are simple and are meant to illustrate as clearly as possible the concept and application of the framework. In practice, users may have other complicated scenarios, for instance, replacing predetermined matrices into certain sub-blocks of large assetby-asset correlation matrices. There, manually configuring individual parameters to obtain the desired result becomes impossible. As the number of parameters or assets increase, the problem becomes more complex. In some cases, there may be more than one set of parameters that achieves the same result.
Optimization techniques can be used efficiently to solve for optimal parameter values. For instance, Leon et al. (2002) apply a simple minimization function to the problem of fixing a certain sub-block in a correlation matrix, while minimizing the changes of the off-diagonals.
14 Our framework also enables setting up a constrained optimization problem that chooses values for exposures and sub-block drivers based on a set of criteria (such as the minimization of the difference between old and new correlations). Future research will explore the use of this approach.
Conclusion
The ability to manipulate correlation matrices is useful for a number of applications in finance, including stress testing and portfolio construction. We outline a framework here that provides structure to a correlation matrix such that users can manipulate correlations in a variety of ways. The framework links the assets for which correlations are captured in the matrix through shared unobservable factors or drivers. Shocks can then be introduced through these factors. Users can specify their own levels of exposure to a driver based on prior beliefs. Thus, the framework enables users to test, not only the implications of an unexpected shock on particular correlation pairs, but the indirect implications on the other correlations in the matrix. In addition, the framework enables users to create positive semi-definite correlation matrices embedded with their own beliefs about individual correlations. Using the same example from the main text, we assume the manager wants to increase the USCanada equity correlation. The new North America block is shown in Table A1 . From equation (5), the new matrix is shown in Table A2 . The scaling method is concise and accurate but treats all correlation pairs equally. Managers who want to specify sub-blocks but at the same time adjust individual off-diagonal correlations could potentially use a blend of the two approaches. First, the scaling method would be used to get the new sub-blocks in place. Second, off-diagonals could be adjusted using the approach outlined in the main paper. Drivers | May 2010
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1B. Using a Linear Combination of Matrices
A second approach is perhaps the simplest and is appropriate for managers who may not have a specific prior for the new correlations but only want generally to change correlations in one direction. To modify the correlation matrix, we can use a weighted linear combination of the original matrix with any PSD matrix: 
For instance, as in our first example (Section 2.2), to increase the US-Canada correlation from 0.56 to 0.75, we can set = 0.5744 with the following blending matrix:
      
The new correlation matrix is shown in Table A3 . Table A3 highlights the sizable impact this method has on both the UK-EMU correlation and the off-diagonal blocks, since weight is applied universally to the correlation matrix.
